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Abstract

This paper introduces habit formation into a money-in-the utility model and investi-
gates the optimal inflation tax. We show that the validity of the Friedman rule depends
on the assumption of the satiation level for real money holdings. If the satiation level
is infinite, the Friedman rule holds regardless of the existence of habit formation. On
the other hand, when the satiation level is finite, the Friedman rule holds if parameters

measuring the degree of decreasing current marginal utility are symmetric.
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1 Introduction

The central criterion of monetary policy is that the government should keep the
nominal interest rate at zero. This criterion is called the Friedman rule for the optimal
quantity of money, which insists that since the marginal cost of money supply is
negligible, the marginal cost of money holdings is reduced to zero with the zero nominal
interest rate. In the second best setting of the Ramsey problem, where the government
cannot impose a lump-sum tax, however, the optimality of this rule is not so obvious.
Adoption of the Friedman rule infers that the government imposes no inflation tax.
Because the government needs financial resources, if the government applies the Fried-

man rule, the government must impose distortional taxes. Phelps (1973) concludes that
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the government should use both a distortional income tax and an inflation tax to finance
spending. Kimbroug (1986), Correia and Teles (1996, 1999), and Chari et al. (1996, 1999)
show, however, that despite the second best setting, in several monetary economies, the
Friedman rule holds when household preferences are homothetic between consumption
and money holdings and separable in leisure. Mulligan and Sala-i-Martin (1997) give a
general discussion about the necessary conditions for preferences.'

These studies consider time-separable preferences and investigate the required condi-
tions on preferences to maintain the optimality of the Friedman rule. Results on
experimental observations, however, have provided little support for time-separable
preferences. Then, we consider monetary models with habit formation, assuming typi-
cal time-dependent preferences, and investigate the conditions required on habit forma-
tion for the Friedman rule to hold.?

There are several antecedents that examine the Friedman rule when consumption
forms habits. Our results may further explain why the Friedman rule is optimal in these
models. Chugh (2007) discusses optimal monetary policy in a cash-credit model with
habits that are formed according to consumption in previous periods. Chugh assumes
that preferences are homothetic between credit and cash goods and concludes that the
Friedman rule is always optimal. Faria (2001) considers a MIU model in which only
consumption forms habits (i.e. real balance holdings do not form habits) and shows that
the Freidman rule for optimal monetary growth holds regardless of habit parameters.

In this paper, we consider the conditions under which the Friedman rule holds in a MIU
model where both consumption and money holdings form habits. We find that whether
the Friedman rule holds or not depends on the assumption for the satiation level of
money holdings. We claim in proposition 1 that when the satiation of money holdings
is infinite, the Friedman rule always holds. A benevolent government should equalize
the marginal utility of money holdings and the excess burden of inflation tax. Since the

utility which households can gain from money holdings is satiated when holdings are

! Chari and Kehoe (1999) provide a survey of the literature of this field. After that, many studies
investigate the robustness of Friedman rule in various models. For example, Adao et al. (2003) and
Schmitt-Grohe (2004) study the optimality of the Friedman rule in imperfect competitive markets.
Kocherlakota (2005) also provide a comprehensive survey on the Friedman rule.

2 From several empirical observations, habit formation is often reported to significantly improve the

explanation of consumer behavior. See for example, Naik and Moore (1996) and Fuhrer (2000).
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infinite, marginal utility becomes zero. On the other hand, a natural assumption is that
the marginal revenue of inflation tax must be zero because the government cannot obtain
infinite revenue by increasing money supply. The tax revenue can be interpreted as the
excess burden of tax for households. The zero revenue is identical to the zero excess
burden of inflation tax and means a nominal interest rate of zero. Therefore, at the
infinite satiation level of real money holdings, a zero nominal interest rate, that is the
Friedman rule, is an optimal policy.

If money holdings are satiated at a finite level, however, the habit parameters have a
crucial role. In proposition 2, we conclude that the Friedman rule holds as an interior
solution only when the habit parameters for consumption and money holdings are
identical. At a finite level of money supply, the revenue from the inflation tax does not
hove to be zero. Then, the excess burden of inflation tax might not be zero at the
satiation point. If household preferences are homothetic in consumption and money
holdings, we can obtain a zero excess burden of inflation tax at the satiation point and
the Friedman rule holds. To make preferences homothetic in consumption and money
holdings, habit parameters are required to be symmetric between consumption and
money holdings. If habit parameters are asymmetric, preferences are not homothetic
and the Friedman rule does not hold. In proposition 3 we show the parameter conditions
required for the Friedman rule to hold as a corner solution when habit parameters are
asymmetric between consumption and money holdings.

This paper is organized as follows. In section 2, we provide the setup for a MIU
model with habit formation and investigate conditions for the optimality of the Friedman
rule. In section 3, we consider the optimal inflation tax. In section 4, we summarize

the results.
2 The Money in the Utility Model

We consider a money-in-the utility (MIU) model with habit formation. Time is
discrete and denoted by £=0, 1,2, ---. There is an infinitely-lived representative house-
hold. Utility is a function of consumption, real balance holdings, and leisure. The

preferences of the representative household are given by
EOBtU(V(Xt, Mt), Zt), (D

where B represents the discount factor, / is leisure, and v(-) is sub-utility. These
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preferences are weakly separable in leisure and have the usual assumptions of concavity

and differentiability. X: and M. are, respectively, consumption, and real balance

holdings in relative amounts, of instantaneous amount and habits, i.e. Xt:ﬁ and
Mt:(h,,l,njiil)”'"' These habits are formed by %, ¢+1— hi, « = 0:(ic— ks, :), where 0,€[0, 1],
i=x,m.
The instantaneous budget constraint of the household is
(1= 7)Pi(1— 1)+ Ne+(1+4) B: = Pexe + Newi + Bea, (2)

where z:, (1—1), &, P. and B: represent, respectively, the income tax, labor supply, the
nominal interest rate, price level, and bonds holdings from period ¢ to ¢t+1. The
representative household faces budget constraint (2), the initial condition N-1=B-1=0,
and the no Ponzi games condition. From these conditions, we gain the unique inter-

temporal budget constraint:
gﬂ[tpt(lfZ‘t)(l*lt)zgoltpﬂt+goltitptmzt, (3)

where ;=1 / sli[0(1+ is) and Mt:% represents real balances holdings.

For simplicity, we assume that one unit of labor produces one unit of consumption
goods. Thus, the resource constraints which the economy faces in each period are given
by

1—L>x+g, (4)
where g: is a given level of the government expenditures and is constant over time, i.e.

g8t=8.
3 The Optimal Money Supply

We consider the second best Ramsey problem. The representative household maxi-
mizes utility (1) subject to the intertemporal budget constraint (3).
The first order conditions are
B Ut Vil =ALP,,
B Unet Vil =L,
B U=ALP(1—71),

Where ngE Ux:'(hx,t—l)iﬂx, Ung UMg'(hm,t—l)iﬂm, VXtET72t+1BT7tUX1 aa)x(tr y
< _ oMr . .
— T—t

Vm,-T?_t.H/a’ Ui Fo and A is the Lagrange multiplier.

From these three equations, we derive the following conditions:

< er+ VX:)'Z.t:(UMt+ sz), (5)
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( Uxt+ VXt)'(l_Tt): Ul:, (6)
Ux¢+ VX: G%lem( UXt+1+ Vle) (7)

In the second best Ramsey problem a benevolent government chooses a sequence {x:, 7z,
l}7=0 to maximize (1) subject to the resource constraint (4) and the implementability
constraint. By substituting (5), (6), and (7) into (3), the implementability constraint is

derived as
20/?[(Um+ Vidxe + (Uit Vi) me — Un(1— 1)] 0. (8)

The first order conditions of the government problem are

( Uxfi‘ th) - /l[( ch+ VX:) +< erxz+ VXtXt)-Xf +( Ux¢m¢+ th'rm) Mt] - w‘t :0’ (9)
( Umt+ sz) - ﬂ[( Umz‘|‘ sz) +< Ux:mx“” szmz)xt +( Umlmt+ thmt) Wlt] :O’ (10)
Ulz_#[ Ulg_ Ultlt(l_lt)]_ qftzor (11)

where &, E%, and # and ¥. are the multipliers of the implementability constraint and
resource constraints in each period. To concentrate our discussion on the steady state,
we omit the time subscript . From (5), the Friedman rule, :=0, implies (Ur+ Vax)=0.
Therefore, from (10), when the Friedman rule is optimal as an interior solution, if the
following equation is satisfied:
(Usnt Vi) x +(Unn+ Vim) m =0. (12)
The establishment of (12) depends on the satiation level of real balance holdings in the
sub-utility function v(+). Here, we introduce an assumption regarding the satiation

level.

Assumption 1. The satiation level of real balances in relative amounts is infinite, i.e.
jlwlm< 3 M> 0. If the government increases the rate of printing new money to infinity,
the marginal revenue of inflation tax 7<m must converge to zero.

Correia and Teles (1999) show that the conditions required for the validity of the
Friedman rule in the MIU model when habit formation is absent. The second assump-
tion in Assumption 1 guarantees that the additional marginal revenue from inflation tax
becomes zero when the government provides sufficient large real balance holdings and
the nominal interest rate is zero. Correia and Teles (1999) point out that this assumption

is natural in monetary economies.
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Proposition 1
When household preferences satisfy Assumption 1, the Friedman rule is optimal regard-
less of habit parameters.

Proof

From (5), the Friedman rule i =0 is equivalent to (Un,+ Va,)=0. Then we have Un+ Va
=t {150y

tion 1, we have

> in stationary state. At stationary state, from the Assump-

im(Un+ Vi) =0. (13)

m-—oo

We should assume that, when the government increases #: to infinity, the marginal
S =lim
m

m-—oo

revenue of inflation tax 7+m must converge to zero. That is lim

m—oo

((Unm~+ Vam)m +(Un~+ Vu))=0. From (13) and this equation, im( Unn+ Vimm)m =0 must
hold. This is the second term on the left hand side in (12). Next, the first terms on the

. . UX;M: < T—t GXT
left hand side of (12) are Uxm= WD and szm,—T;t'.H,B UX,M,—ahx’ -
Ohx, 7— 0 Ohm, 7— & T— _

a;CtT ! ah::n:_1 hafl}’; ! :Bﬂxﬂmpx.omgt,gT tUXT+1MT+1 (hx Ticnitrll?z;HT)Werl (1_10x)T t(l
—pon)" "%, Then in the stationary state, we have (Uxn+ Vim)x=A+ Uxux~"*m =" where A

BUx7mOx0Om
176(1*109:)(1*0»1).
fore, since =0 leads to (12), the Friedman rule is optimal. Q. E. D.

=1+ Because limm™~""=0, we have Hm((Usm+ Vim)x)=0. There-

Faria (2001) sets up a MIU model in which only consumption forms habits, and shows
that, even if consumption forms habits, the super-neutrality of monetary growth holds
and the Friedman rule for optimal monetary growth is optimal. Similar to Faria’s
result, proposition 1 says that, even when consumption is habit forming, the Friedman
rule for the optimal money supply is the solution to the second best Ramsey problem
under Assumption 1. Moreover, even if real balance holdings form habits, the Friedman
rule is always optimal.

At the optimal point, the marginal utility of real balances equals the marginal excess
burden of inflation tax. At the satiation level, a marginal utility of zero is achieved
through infinite real money holdings regardless of habit formation. Since money is a
free good, the marginal excess burden does not include the shadow values of the resource
constraints. On the other hand, Assumption 1 implies that the marginal revenue of
inflation tax converges to zero if the government supplies an infinite quantity of money.

Then the marginal excess burden also becomes zero and (10) is satisfied when m =0,
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The result in proposition 1 is derived from Assumption 1 directly.

Do habit parameters have a relationship with the Friedman rule in all MIU models?
The answer is no. It is well known that other monetary models (i.e. cash-credit models
and shopping time models) are equivalent to some MIU models. In particular, Correia
and Teles (1999) argue that a cash-credit good model is equivalent to a MIU model with
a finite satiation level for real balance holdings and show that the Freidman rule is

optimal under the following assumption.

Assumption 2. The satiation level is a linear function of consumption in relative
quantities, i.e. Uy >0if M <M*(X), Un<0if M*(X)< M, and M*=FkX, where M* is the

satiation of real balances in relative quantities, and % is a positive constant.

Assumption 2 infers a unitary elasticity of money demand with respect to consumption.
The following proposition sheds light on the optimality of the Friedman rule under

Assumption 2 instead of Assumption 1.

Proposition 2
Suppose that the satiation level of real balance holdings satisfies Assumption 2. If 7x=
7m, the Friedman rule is optimal.
Proof
In the stationary state, from x=/x and 7 =Jlm, X =x"""* and M =m"'~™. The condition
of the case 2 is rewritten as m' " ™=rkx'"". If 7=7.=7a, this equation is

m* =k, (14)
where m™ is the satiation level of real balance holdings. At the satiation level, from Un

*
+ V»=0, we have — dm” _ Usnt Vin . By this equation, (12) is rewritten as

dm* _x >:o. (15)

From (14), we have that (dm*/dx)(x/m*)=1, and so the second term in parenthesis in

(15) is zero. Q. E. D.

Chari et al. (1996) prove that the optimality of the Friedman rule is derived from
homothetic and separable preferences. Their result is explained using the basic optimal

taxation criterion advocated by Atkinson and Stiglitz (1972). They conclude that
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uniform taxation is the optimal policy when the indifference map is homothetic. In our
model, a distortional tax is only placed on labor income. Proposition 2 claims that
symmetry in habit parameters is necessity for the Friedman rule to hold. If 7x=17n,
preferences are homothetic in x and m. Then, from the basic optimal taxation rule of
Atkinson and Stiglitz, the government should not impose a positive tax rate on m. The
nominal interest rate is a tax rate on money holdings, and the government should set the
nominal interest rate at zero. Therefore, the Friedman rule, 7=0, is optimal as an
interior solution.

Even when 7x= 7a, it is possible that :=0 is optimal as a corner solution because of the
non-negativity constraint on the nominal interest rate.> We consider whether there is a

glut in real balances or not.

Proposition 3

Suppose that the satiation point of real balance holdings satisfies Assumption 2. If 7«
< 7m, the Friedman rule is not the optimal policy. If 7x>#»n, the Friedman rule is the
optimal policy as a corner solution.

Proof

dm _1—9x m
ac  1—gm x°

Defining L as the Lagragian of the government problem, we reconsider the first-order

1-7nx

Since m' ™=kx""" we have (1—7m)m "dm=Fk(1—79x)x "dx or

derivative in m and estimate at i=0, which implies (Un+ Vx)=0. Then we have

gﬁ; 1.20: _ﬂ[(Uxm+ me)x+( Unm + me)m]
ot s )
== s (Ut Vo177 1), (16)

where Unn+ Van<0. First, we consider 7x<7», where the right hand side of (16) is
negative. The optimal level of real balances is less than one at /=0. Hence, the
optimal nominal interest rate is 7>0. On the other hand, if 7x> #7x, the right hand side
of (16) is positive. However, when (Un+ V) =0, the satiation level of the household is

attained, so the real balance holdings of households do not increase, even if the govern-

3 When government can use consumption taxes, Friedman’s rule may be optimal without homothetic

preference but the optimal tax rates will not be determined.
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ment increases the rate of printing new money. Thus, in this case, the Friedman rule

holds as a corner solution. Q. E. D.

Suppose 7x=7» as a base point. If 7 increases, then the marginal utility of real
balance holdings decreases. Hence, the government must reduce money supply, and the
nominal interest rate increases. Therefore, the Friedman rule, 7=0, is not the optimal
policy. On the other hand, if 7x increases, the marginal utility of good x decreases
compared to the marginal utility of real balances. In this model, since a distortional tax
is placed on labor income and household preferences are separable in leisure, the
government cannot control the marginal utility of good x through a distortional labor
income tax. Then the government tries to equalize marginal utilities by printing new
money. But, since the nominal interest rate is bounded by a non-negativity constraint,
the nominal interest rate does not decrease when i=0. Therefore, in this case, the

Friedman rule is optimal as a corner solution.
4 Concluding Remarks

We investigated the effects of habit formation on the optimality of the Friedman rule.
In a standard MIU model with habit formation, whether the Friedman rule holds or not
depends on the assumptions associated with the satiation level of real money holdings.
If, as in Assumption 1, the satiation level of money holdings is infinite, the Friedman rule
holds regardless of habit parameters. This result stems from the assumption that the
excess burden of inflation tax must be zero when money supply is infinite. This
assumption guarantees that the first order condition of optimal money supply for a
benevolent government always holds at the satiation level of money holdings. Homoth-
eticity is no longer required for the Freidman rule to hold. The result of proposition 1
is derived from the property that money is not an intermediate good but a final good in
the MIU model.

On the other hand, if the satiation point of money holdings is finite, the Friedman rule
depends critically on the habit parameters. Under Assumption 2 (finite satiation of
money holdings), the Friedman rule holds when preferences are homothetic. If the
satiation point of money holdings is finite, the excess burden of inflation tax must not be
zero at the satiation point. Then, homothetic preferences are required to obtain the zero

excess burden of inflation tax at the satiation point. In our model, symmetric habit
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parameters provide homothetic preferences between consumption and money holdings.
Proposition 2 claims that under Assumption 2, the Friedman rule holds as an interior
solution only when habit parameters are identical, i.e 7x=7n.

We note that the Friedman rule might hold as a corner solution of the second best
Ramsey problem. Proposition 3 requires that the government sets a nominal interest
rate of zero when the habit parameter for consumption dominates the parameter for
money holdings, i.e 7x>7». Because the higher habit parameter decreases marginal
utility, the government should increase the money supply over the satiation level.
However, households are not willing to hold more money at the satiation point, and the

government must set the nominal interest rate to zero.
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